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Abstract 

We show how from an unique standard Poisson process we can build 
a family of processes that converges in law to a d-dimensional standard 
Brownian motion for any d > 1. 
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1 Introduction and main result 

Consider the sequences of processes 

. 2t 

{z e e {t) = e / cos(9N s )ds, t e [0, T]}, 
Jo 

2t 

{y e e (t) = e sm(9N s )ds, t S [0, T]}, 
Jo 

where {N s , s > 0} is a standard Poisson process. 

When 9 = 0, the processes z e e are deterministic and go to infinity when e 
tends to zero. On the other hand, when 9 = tt, the processes z 6 E can be written 

as 

2t 

4(t)=c r(-i) N °ds. 

Jo 

This case was studied by Stroock in [4] , where he proved that the laws of these 
processes in the space of continuos functions on [0, T) converge weakly towards 
the law of V2W t , where {W t ; t € [0, T}} is a standard Brownian motion. When 
9 = or 6 = 7T, the processes yf are constant and equal to zero. 
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When 9 E (0, 7r) U (tt, 27r) it is proved in pQ that when e tends to zero the 
processes x\ :— (z e e ,y 6 e ) converge weakly towards two independent standard 
Brownian motions. 

The aim of this paper is to extend this result to a d-dimensional case for any 
d > 1. 

Now, given 9\, . . . , 6 n , 9 n +i, ■ ■ ■ , n +m let us consider the process: 

= [4\ . . . , *£», y 9 e -+\ y e e -+-)(t), t e [0, T]}. 

For simplicity we will denote by 9 the n+m values 9\ , . . . , 9 n , 9 n+ i , . . . , 9 n+m . 
We will assume the following hypothesis (H) on 9 

• 9iE (0, tt) U (tt, 2tt), 1 < i < n + m, 

• 9i + 9j ^ 2tt for all 1 < i, j < n + m. 

• 9i — 9j 7^ for all 1 < i, j < n and n + 1 < i,j < n + m. 

Let us point out the meaning of the last hypothesis: two parameters 9t and 
9j can only be equal if i < n and j > n + I. In other words we can deal with 

2t It 

e jrf 7 cos(9iN s )ds and e s'm(9iN s )ds, but the results will not be possible 
(obviously) if we have two times e cos(9iN s )ds or e sm(9iN s )ds. 
Our result states as follows, 

Theorem 1.1 Consider P® the image law of x e in the Banach space 
C([0, T], R ,l+m ) of continuous junctions on [0, T]. If 9 satisfies hypothesis (H) 
then P e converges weakly as e tends to zero towards the law on C([0, T], M. n+m ) 
of a n + m- dimensional standard Brownian motion. 

Remark 1.2 It will be also possible to consider the case 9i = tt for some i £ 
{1, . . . ,n}. In this case, we need to deal with -j^z® 1 instead of . Nevertheless, 
the proof follows the same computations. 

The structure of the paper is the following. In Section 2 we recall the basic 
results of [T] that implies our theorem when m = n = 1 and 9\ = 9^. In Section 
3 we give the proof of our main theorem. 

Along the paper K denote positive constants, not depending on e, which 
may change from one expression to another one. 

2 The two-dimensional case 

In pQ it is proved an approximation in law of the complex Brownian motion by 
processes constructed from a unique standard Poisson process. 
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Theorem 2.1 £ZJ Theorem 1.1] Define for any e > 

. 2t 

{v e e {t)=e j 7 * e WN °ds, te [0,T]} 
Jo 

where {N s , s > 0} is a standard Poisson process. Consider P® the image law 
of v® in the Banach space C([0,T],C) of continuous functions on [0, T]. Then, 
if G (0, 7r) U (ir,2ir), P® converges weakly as e tends to zero towards the law 
on C([0, T], C) of a complex Brownian motion. 

In fact, it corresponds to our two-dimensional case with n = m = 1 and 
0i = #2 = for G (0,7r) U (7r,27r). Set P £ e the image law of %% := {z e e ,y e e ) in 
the space C([0,T],M 2 ). 

The proof of the weak convergence is obtained checking that the family P® 
is tight and that the law of all possible weak limits of P® is the law of two 
independent standard Brownian motions. 

The tigthness is proved using the Billingsley criterium (see Theorem 12.3 of 
|2J. Since the processes are null on the origin it suffices to prove the following 
lemma (see Lemma 2.1 in pQ). 

Lemma 2.2 There exists a constant K such that for any s < t 

2t It 

sup(£(£ j 71 cos{9N x )dxf + E{e f°* sin(0JV x )dx) 4 ) < K(t-s) 2 . 

In order to identify the limit law, it is considered {P® } n a subsequence of 
{P®} e (that is also denoted by {P®}) weakly convergent to some probability 
P e . Then, it is checked that the two components of the canonical process 
X = (Z,Y) = {X t (x) = x(t) = (z(t),y{t))} under the probability P e are two 
independent Brownian motions. 

Using Paul Levy's theorem (see Theorem 13.11 below) it suffices to prove that 
under P e , Z and Y are both martingales with respect to the natural filtration, 
{J~t}, with quadratic variations < Z.Z >t= t, < Y,Y >t= t and covariation 
<Z,Y > t =0. 

To check the martingale property with respect to the natural filtration {.Ft}, 
it is proved (see subsection 3.1 in [T]) that for any si < Sa < • • • < Sfc < s < t 
and for any bounded continuous function (p : M. 2k — > M, 

E P o[ip(X Sl ,...,X Sk )(Z t -Z s )) =0, 

E P „[ V (X sl ,...,X Sk )(Y t -Y s )] =0. 

The computation of the quadratic variations and covariation is done in the 
following proposition (see Proposition 3.1 in pQ). 

Proposition 2.3 Consider {P®} the laws on C([0,T],R 2 ) of the processes x e 
and assume that P® is a subsequence weakly convergent to P e . Let X = (Z,Y) 
be the canonical process and let {Ft} be its natural filtration. Then, under P e , 
if G (0, 7r) U (it, 2tt) it is hold that the quadratic variations < Z, Z >t= t, 
< Y,Y >t= t and the covariation < Z,Y >t= 0. 
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3 Proof of the main result 

In this section we will give the proof of Theorem 11.11 We will follow the same 
method than in [I]. So, it suffices to check the tightness of the family P 9 and 
to identify the law of all possible weak limits of P 9 . 

The tigthness is proved also using the Billingsley criterium, and it is an 
obvious consequence of Lemma 12.21 

The identification of the limit law will be done using Paul Levy's theorem. 

Theorem 3.1 [3] Let X = {X t = (X ( t 1} , . . . , X ( t d} }, T u < t < oo} be a con- 
tinuous, adapted process in R d such that, for any component 1 < k < d the 
process 

M { t k) := X[ k) - X {k \ < i < oo 

is a continuous local martingale relative to {Ft} and the cross-variations are 
given by < M^.M^ > t = 5 kJ t, for 1 < k,j < d. Then {X t ,T t ,Q< t < oo} is 
a d-dimensional Brownian motion. 

Let us consider {P 9 }„ a subsequence of {P 9 } 6 (that we also will denote by 
{Pf}) weakly convergent to some probability P 9 . Consider the canonical pro- 
cess X = (Z 1 , ...,Z n , Y n+1 , . . . , Y n+m ) under the probability P 9 . It suffices 
to check that under P 9 , Z l , 1 < i < n, and Y 3 ', n + 1 < j < n + m, are mar- 
tingales with respect to the natural filtration, {J~t}, with quadratic variations 

< Z l , Z % > t — t, 1 < i < n, < Y J , Y J > t — t,n + 1 < j < n + m, and covariation 

< Z\ Z l > t =< Y j , Y h > t =< Z\Yi > t = 0, 1 < i ^ / < n, n + 1 < j : ^ h < 
n + to. 

In order to check the martingale property with respect to the natural filtra- 
tion {Tt\ it suffices to prove that for any s\ < S2 < • • • < Sfe < s < t and for 
any bounded continuous function <p : ^( n + m ) k — > K ; 

E P o [cp(X Sl ,...,X Sk )(Zl - Zl)] =0, for 1 < i < n, 

E P o [p{X Sl , ...,X Sk )(Y t j - Y/)] = 0, for n + 1 < j < n + to. 

These computations has been done in subsection 3.1 in [TJ. 

The proof of the quadratic variations can be done following exactly the proof 
of Proposition 3.1 in [T]. So, it remains only to compute all the covariations. 

First we have to prove that < Z l , Z l > t = 0, for 1 < i ^ I < n. It suffices to 
prove that for any s\ < S2 < ■ • • < Sk < s < t and for any bounded continuous 
function <p : R("+ m ) fe > M, 

E[ip(xl{ Sl )...y E {s k )){zl>{t) - z^(s))(z e e '(t) - z 9 >(s))}, 

converges to zero when e tends to zero. Notice that this last expression can be 
written as 

eL (x 9 £ ( Sl ), 

4 




cos(9iN x )dx 




cos(9iN x )dx 



(1) 



Similarly, to prove that < F J , Y h >t= 0, for n + 1 < j ' ^ h < n + to, it is 
enough to prove that for any s\ < s 2 < • • • < < s < t and for any bounded 
continuous function tp : R("+ m ) fc — > R, 



E f (x 9 £ ( Sl ), . . .,x e e (s k )) [e ' sin(6jN x )dx 



mn(6 h N x )dx (2) 



converges to zero when e tends to zero. 

Finally, to prove that < Z l , >t— 0, for 1 < i < n < n + 1 < j < n + m, it 
is enough to prove that for any s± < s 2 < • • • < Sk < s < t and for any bounded 
continuous function ip : R("+ m )' c — > R, 



EWi'W,,,,!^)) 



cos(8iN x )dx 



sm(6 3 N x )dx (3) 



converges to zero when e tends to zero. 

Let us finish the proof of the theorem checking the convergence to zero of 
|T]), ([2]) and ([3]) when e tends to zero. For simplicity we will use only Q\ and 02- 

Study of (fjj. Notice that © is equal to 

E (p (x 9 s (si), x e (s k )) sixi(9iN Xl )sm(e 2 N X2 )) d Xl dx 2 

E (ip (x e e { Sl ), x e e {s k )) sinidtN^smfaN^)) dx 2 d Xl 

:= h+h. 

Using that sin(a) sin(6) = cos ( a ~ f ')~ cos ( a + & ) we obtain that 



7? "72 



h = -e 





R f 

Is 1 2 
T ^ ~ 

e 


-¥ 


2t 




■/ft - 


h,i- 


A,2. 



£ (<p (sf («l), . . . , ^(s fc )) cos(6>iiV Xl - 6» 2 ^ 2 )) ^1^2 



We start with the term Ii t ±. Notice that 



= -Re 
2 



= -Re 
2 



E 



7? " I? 
72" J 7T 



£(^( Sl ),...,^( Sfc ) s 
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Using the independence of the increments of the Poisson process and that 
E{e i6N -) = e --( 1 - e "> we get 



h. 



-Re 



i(e 1 -e 2 )N 2 s 

7? 



e 



x E{ e 



E^p {x £ (si),...,x 6 e (s k ))e 



Ke 1 



7? r X2 



4 r*i 



3 _( Xl _| f )(l_ cos(9l _ 92 )) e _ (x2 _ Xl)(1 _ cos(92))rfa;irfa;2 



e e 



< 



Ke 2 1 e . {xi .^ ){1 . cos{ei -e 2 ) )dxi 

1 - COS(0 2 ) J Is 



1 



1 



1 - cos(0 2 ) 1 - cos(6»i - 2 ) ' 



that clearly converges to zero when e tends to zero because 2 ^ and 0i — 2 7^ 
0. 

Using the decomposition 



and following the same computations we obtain that 
h,2 < A ' ' 



l-cos(0 2 ) 1 -cos(0i +0 2 ) 



This last expression also goes to zero because 2 £ (0, n) U (it, 2tt) and 0i + 2 7^ 
2tt. 

On the other hand, the expression 7 2 is equal than the expression I\ inter- 
changing the roles of 0i and 2 . So, we obtain that, 



h < Ke 2 



1 



1 — cos(0i) VI — cos 



1 



1 — cosf 



This last expression also goes to zero because 9\ £ (0, it) U (it, 2ir), 2 — Q\ 7^ 
and 0i + 2 7^ 2tt. 



G 



Study of |7p. By the same computations and using that cos(a) cos(6) 
— v 2 — i '- we have also that, 

E[(p(x 9 e (s 1 ),...,x e E (s k )) (e cos(9 1 N x )dx J (e f~* cos(0 2 N x )dx 



e 2 



tz r x * 

E (»e( s i)> ■ ■ ■ ^e( s fc)) c os(6»iA^ xl ) cos(0 2 N X2 )) dx 1 dx 2 



-e 2 I ' / £;( ¥ ?(^(si),...,^(s /! ))cos(^iV a;i )cos(6l 2 Ar X2 ))dx2dxi 



■Tl.i + Ji,2 + I 2 ,i + £ 



2.2, 



where and ii^ has been defined in the study of ([2]) and I 2 ,\ and I 2 , 2 will be 
the anologous decomposition of I 2 . So, we have the convergence to zero when e 
tends to zero. 

Study of (0). Again the same computations yield that, 

E \ip{x e e {sx),...,x e e {s k )) (e Bin(0iJV x )ds J fe cos(0 2 N x )dx j j 



e 2 



7^- f^a 

£ (<p (a£(«i), . . . , (« fc )) sin(6>iiV x J ros(0 2 iV X2 )) da* da* 



+£ 2 / S(^(af(si),...,ajf(s fc ))sm(fliAx0coB(^ x 0)^2tia!i 
•'ff •'ft 

= J1 + J2. 

Using that sin(a) cos(6) = sm ( a + b )+ sm ( a ~ fc ) we obtain that 
J\ = ^s 2 E(<p(x e e (si),...,x e s (s k ))sm(9 1 N xl -6 2 N X2 ))dxidx 2 



1 o /"^ /" X2 

: = + ^1,2- 

Observe that 



E {tp (x e £ ( Sl ), . . .,x e £ (s k )) sin(0iiV Xl + Q 2 N X2 )) d Xl dx 2 



= — Im 

2 



_2 



77 



that is, Ji.i is the imaginary part of the same expression that T^i is the real 
part. So, the same computations for Jj^i show the convergence to zero of J\^\ 
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when e tends to 0. The same parallelism can be done between the terms Ji,2, 
•72,1) ^2,2 and I 2 ,i, h,2, respectively. 

The proof of Theorem 1 1.1 1 is now complete. 
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